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The soil considered is a viscoelastic, transversely isotropic and layered half space and the
structure which it supports is modelled by the ﬁnite element method. The excitation
sources are random ﬁeld ones that are stationary in the time domain and are located in
the soil. The pseudo-excitation method is used to transform this stationary random soil–
structure interaction problem into a series of deterministic harmonic response analyses
and the precise integration method is used to integrate the ordinary differential equations
in the frequency–wavenumber domain. The power spectral densities of the soil–structure
interaction responses caused by the stationary random excitations are investigated.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
It has long been recognized that soil–structure interaction phenomena play an important role in the analysis and design
of structures subjected to dynamic loads, e.g. wind forces, machine vibrations and seismic excitations. Hence, the study of
these phenomena has received much attention and many numerical solution methods have been developed.
A very popular way of dealing with such problems is to couple the ﬁnite element method (FEM) to the boundary element
method (BEM). In this way, it is possible to model the structure using FEM, since it occupies a ﬁnite region, while the
unbounded soil can be modelled by either FEM or BEM. However, all possible combinations have been considered. Zhang
et al. (1999) proposed the use of a wholly FEM model that incorporated analytical, frequency-dependent, inﬁnite elements
as the basis of a numerical procedure for the analysis of three-dimensional, dynamic soil–structure interaction in the time
domain and hence they were able to study the scattering and diffraction of seismic waves by various three-dimensional
surface irregularities. Over the same period, Yazdchi et al. (1999) used the coupling approach to study the transient response
of an elastic structure embedded in a homogeneous, isotropic and linearly elastic half-plane. On the other hand, Tanrikulu
et al. (2001) proposed a wholly BEMmodel having non-local boundary conditions that could be applied to the dynamic anal-
ysis of a body with two regions. In two later papers, Spyrakos and Xu (2003, 2004) returned to the idea of a coupled approach
when considering the seismic response of massive, ﬂexible strip-foundations embedded in layered soils. The FEM was used
to model the foundation ﬂexibility and the BEM to overcome computational difﬁculties arising from the inﬁnite extent of the
soil. A number of related problems have been solved using similar techniques. Kim and Yun (2003) used analytical, frequency. All rights reserved.
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BEMmethods to analyze the seismic response of base-isolated liquid storage tanks supported by a half-space and considered
the ﬂuid–structure–soil interaction. Yan et al. (2004) studied the three-dimensional dynamic response of unbounded soil–
structure interaction in the time domain by using a variety of methods, such as diagonalization, sequence decomposition and
truncation and system realization, in order to improve computational efﬁciency. Karabalis (2004) proposed a direct time do-
main BEM based on Stokes’ fundamental solutions for the analysis of soil–structure interaction. Genes and Kocak (2005)
used a model which coupled FEM and a scaled BEM to study the dynamic response of two-dimensional structures resting
on layered soil media.
When applying FEM to unbounded soil, it is necessary to incorporate transmitting boundaries in order to overcome the
difﬁculties of modeling the semi-inﬁnite domain. On the other hand, BEM is well known as a powerful procedure for mod-
elling the unbounded soil, since the radiation condition is satisﬁed automatically. Despite this, the fundamental solution is
very complicated and cannot be obtained easily. Moreover, the size of the resulting problem and the associated computation
cost is likely to be sufﬁciently large that some transformation technique will normally be used to reduce the size of the prob-
lem. One approach, proposed by Humart et al. (1998), reduced the size of dynamic soil–structure interaction problems by
ﬁnding a new set of Ritz vectors, based on the concept of component modes. On the other hand, Rao and Rao (1999) used
a large discretization domain and co-ordinate transformation based on Lanczos vectors to reduce the problem size and ob-
tain soil–structure interaction response in the time domain. In a more recent approach suggested by Park and Antin (2004),
the discontinuous Galerkin method was applied to seismic soil–structure interaction problems in a way that lowered com-
putational cost and storage requirements.
Seismic waves are random in nature and stochastic soil dynamics has become state-of-the-art (Manolis, 2002). However,
very few references that discuss the dynamics properties of soil–structure interaction due to random excitations can be
found in the literature. This paper addresses that need and deals with soil–structure interaction excited by stationary ran-
dom excitations. The following assumptions are made: the soil is a transversely isotropic, viscoelastic and layered half space;
the structure is modelled by FEM and the earthquake source comprises stationary random waves propagating in the layered
soil.
The resulting soil–structure interaction is studied by using the pseudo-excitation method (PEM) of Lin (1992) and Lin
et al. (1994, 1995a,b) in combination with the precise integration method (PIM) of Zhong (1994, 2004) and Gao et al.
(2004). Thus, the ﬁrst step when computing the random responses is to use PEM to transform the random excitations into
deterministic pseudo harmonic ones, i.e. the random dynamic equations of the structure are transformed into harmonic re-
sponse ones and the random wave motion equation of the soil is transformed into the frequency domain. The second step is
to use Fourier transformation to transform the wave motion equation into a set of ordinary differential equations (ODEs) in
the frequency–wavenumber domain. These are then solved precisely by using PIM. Hence, the soil–structure interaction
PSDs caused by the stationary random excitations can be computed. PEM has been proven to be an accurate and efﬁcient
complete quadratic combination (CQC) algorithm for linear random vibration problems and in this paper it is generalised
to random soil-substructure interaction problems, for which it gives accurate and stable solutions. Hence, the method pro-
posed in this paper gives efﬁcient and accurate solutions for random soil–structure interaction problems.2. Basic equation for soil–structure interaction under stationary random excitations
Consider the soil–structure interaction caused by seismic stationary random excitations. The soil is assumed to be a lay-
ered semi-inﬁnite space that comprises l layers of ﬁnite thickness overlying a uniform semi-inﬁnite space. The material
forming each layer is assumed to be transversely isotropic, so that the soil parameters are independent of direction in the
horizontal plane. The structure considered is assumed to be inﬁnitely long in the y direction and the random wave is as-
sumed to propagate in the soil along the x direction. Hence, the SSI can be simpliﬁed to a two-dimensional problem that
looks like a plane strain problem. As a consequence, any structure that is supported by the ground can be reasonably mod-
elled by 2D FEM as a mass–stiffness–damping system, of which the nodes are then connected to the 2D ground. The hori-
zontal propagating direction of the plane waves is taken as the x axis, while the z axis points downwards with z = 0 at the free
surface, see Fig. 1. This paper is restricted to the transversely isotropic case, so that all variables are independent of the coor-
dinate y. As shown in Fig. 1: the rth layer (r = 1,2, . . . , l) is bounded by the horizontal planes z = zr1 and z = zr; the (l + 1)th
layer is the uniform semi-inﬁnite space; the random sources are located at the bottom of layer s (0 < s 6 l) and; the structure
can be of any 2D type, with no nodes at ground level and ni nodes above ground level, but for illustrative purposes a multi-
storey, multi-bay plane frame is shown, so that no = nb + 1 and ni = nsno, where nb and ns are the number of bays and storeys,
respectively.
If ~uaðx; z; tÞ ða ¼ x; y; zÞ are the displacements along the Cartesian coordinates, then the equations of wave motion are
~rab;b ¼ q~ua;tt ; ð1Þin which q is the density, the ~rab denote components of the stress tensor and t represents time. The strain–displacement
relationships, using ~eab ða; b ¼ x; y; zÞ to denote the components of the strain tensor in the conventional way, are~eab ¼ 12 ð~ua;b þ ~ub;aÞ: ð2Þ
Fig. 1. Layered soil and structure interaction model.
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k¼0
pk
dk
dtk
ð~rabÞ ¼
Xn
k¼0
qk
dk
dtk
ðkdab~hþ 2G~eabÞ; ~h ¼ ~exx þ ~eyy þ ~ezz; dab ¼
1; a ¼ b;
0; a–b;

ð3Þwhere k and G are the Lamé constants, and pk and qk are the viscoelastic material constants (Shames and Cozzarelli, 1992).
Because the structure is modelled by FEM its dynamic equation can be written, using dots to represent differentiation
with respect to time, asMii Mio
Moi Moo
  €~yi
€~yo
( )
þ Cii Cio
Coi Coo
  _~yi
_~yo
( )
þ Kii Kio
Koi Koo
 
~yi
~yo
 
¼ 0~Po
 
; ð4Þwhere ~yo is a (3no  1) vector which contains the displacements of ground level nodes, ePo is the corresponding force vector
containing the ground level excitations and ~yi is a (3ni  1) vector which contains the displacements of all the other nodes,
i.e. internal structure nodes, so that for earthquake excitation the corresponding right-hand side vector is null, as shown.
Finally, M, C and K are, respectively, the corresponding mass, damping and stiffness matrices.
Assume that the sources are discontinuities of the displacements and stresses at the bottom of the sth layer (0 < s 6 l), see
Fig. 1, i.e. at z = zs (Kennett, 1983; Aki and Richards, 1980), then~uaðx; t; zþs Þ ¼ ~uaðx; t; zs Þ þ uaðx; tÞ;
~razðx; t; zþs Þ ¼ ~razðx; t; zs Þ þ razðx; tÞ;
ða ¼ x; y; zÞ; ð5Þwhere uaðx; tÞ and razðx; tÞ are the discontinuity functions of the displacements and stresses, and zþs and zs represent the low-
er and upper faces of the interface zs. If uaðx; tÞ and razðx; tÞ are random ﬁelds which are stationary in the time domain and
have their attenuation functions given in the spatial domain, they can each be written in the formf ðx; tÞ ¼ bAf ðxÞfsðtÞ; ð6Þ
where f represents uaðx; tÞ or razðx; tÞ; bAf ðxÞ is the attenuation function of the excitations in the spatial domain and generally
is zero when x lies outside a bounded region; fs(t) is a stationary random process with known PSD Sff(x) and can be written as
the Fourier–Stieltjes integrationfsðtÞ ¼
Z þ1
1
expðixtÞdaf ; ð7Þ
E½daf ðx1Þdaf ðx2Þ ¼ Sff ðx1Þdðx1 x2Þdx1dx2; ð8Þin which d is the Dirac delta, E[#] denotes the expectation value of #, * denotes complex conjugate andx1 andx2 denote two
angular frequencies.
Let the displacement vector and traction vector for the soil be~qðx; z; tÞ ¼ f~uxðx; z; tÞ; ~uyðx; z; tÞ; ~uzðx; z; tÞgT;
~pðx; z; tÞ ¼ f~rzzðx; z; tÞ; ~ryzðx; z; tÞ; ~rxzðx; z; tÞgT;
ð9Þwhere superscript T denotes transpose. Then, the boundary conditions at ground level (i.e. at z = z0 = 0) are
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~pðx;0; tÞ ¼ fdðx x1ÞI3; dðx x2ÞI3; . . . ; dðx xno ÞI3gePoðtÞ; ð10Þwhere I3 is the 3  3 unit matrix. The continuity conditions at the interfaces are
~qðx; z; tÞ; ~pðx; z; tÞ are continuous at zi ði ¼ 1;2; . . . ; s 1; sþ 1; . . . ; lÞ: ð11ÞThe source of the earthquake is represented by Eq. (5).
3. The PEM for the random soil–structure interaction system
PEM is an efﬁcient and accurate algorithm for linear random vibration problems. Its key idea is the introduction of a
pseudo excitation to transform the stationary or non-stationary random vibration analysis into a series of simpler har-
monic or transient dynamic ones (Lin, 1992; 1994; 1995a, b). Crucial advantages of PEM are that it is both efﬁcient and
accurate. It is used in the present paper to deal with soil–structure interaction that is caused by stationary random exci-
tations in a layered solid. For such wave problems the ﬁrst step is to construct pseudo excitations, which for the sources
at z = zs are~f ðx; tÞ ¼ bAf ðxÞ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃSff ðxÞq expðixtÞ; ð12Þ
where ~f represents uaðx; tÞ or razðx; tÞ. The pseudo responses are then computed, after which it is easy to compute the sta-
tistical properties of the random response by using PEM.
First, the displacements, strains and stresses of the soil, the displacements of the structure and the interaction forces be-
tween the structure and the ground are expressed as~uaðx; z; tÞ ¼ u^aðx; z;xÞ expðixtÞ; ~eabðx; z; tÞ ¼ e^abðx; z;xÞ expðixtÞ; ~rabðx; z; tÞ ¼ r^abðx; z;xÞ expðixtÞ;
~yiðtÞ ¼ yiðxÞ expðixtÞ; ~yoðtÞ ¼ yoðxÞ expðixtÞ; ePoðtÞ ¼ PoðxÞ expðixtÞ;
ð13Þ
wherex is the angular frequency, u^aðx; z;xÞ; e^abðx; z;xÞ and r^abðx; z;xÞ are the displacement, strain and stress for the soil in
the frequency domain and yi, yo and Po are the displacements and the soil/structure interaction force for the structure, also in
the frequency domain.
By using the transformation of Eq. (13), the dynamic equation (4) of the structure is transformed into the frequency do-
main asyiðxÞ ¼ ðRiiÞ1RioyoðxÞ; PoðxÞ ¼ RyoðxÞ; R ¼ ½Roo  RoiðRiiÞ1Rio; ð14Þ
Rii ¼ x2Mii þ ixCii þ Kii; Rio ¼ x2Mio þ ixCio þ Kio;
Roi ¼ x2Moi þ ixCoi þ Koi; Roo ¼ x2Moo þ ixCoo þ Koo;
ð15ÞPerforming the Fourier transformation for Eqs. (1)–(3) about coordinate x decouples the governing equations for isotropic
soil into the two sets of ODEs in state spacev0m ¼ Hmvm; Hm ¼
Am Dm
Bm Cm
 
; vm ¼
qm
pm
 
ðm ¼ 1;2Þ; ð16Þ
q1 ¼ fu;wgT; q2 ¼ v; p1 ¼ fsxz;rzgT; p2 ¼ syz ð17Þ
in which: (#)0 = o(#)/oz represents differentiation with respect to z. The detailed equations for Am, Bm, Cm and Dm are given in
Gao et al. (2006b). The ODEs with m = 1 and m = 2 correspond, respectively, to the P-SV and SH waves.
By using Fourier transformation, the boundary conditions (10) at ground level can be transformed into the frequency do-
main, asyoðxÞ ¼ fq^ðx1; 0;xÞ; q^ðx2; 0;xÞ; . . . ; q^ðxno ;0;xÞgT;
p^ðx;0;xÞ ¼ fdðx x1ÞI3; dðx x2ÞI3; . . . ; dðx xno ÞI3gPoðxÞ;
ð18ÞHence, Eqs. (18) and (14) givep^ðx;0;xÞ ¼
Xno
i¼1
Xno
j¼1
dðx xiÞRijq^ðxj;0;xÞ: ð19ÞThen transforming Eq. (19) from the space domain into the frequency–wavenumber domain givespðj;0;xÞ ¼
Xno
i¼1
Xno
j¼1
expðijxiÞRijq^ðxj;0;xÞ; ð20Þ
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number domain givesqmðj; z;xÞ and pmðj; z;xÞ are continuous at zi ði ¼ 1;2; . . . ; s 1; sþ 1; . . . ; lÞ ð21Þ
andqmðj; zþs ;xÞ ¼ qmðj; zs ;xÞ þ sm; pmðj; zþs ;xÞ ¼ pmðj; zs ;xÞ þ tm ð22Þ
wheres1ðj;xÞ ¼ fAuðjÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
SuuðxÞ
p
; AwðjÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
SwwðxÞ
p
gT; s2ðj;xÞ ¼ AvðjÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
SvvðxÞ
p
;
t1ðj;xÞ ¼ fAsxz ðjÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Ssxzsxz ðxÞ
p
; Arz ðjÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Srz rz ðxÞ
p
gT; t2ðj;xÞ ¼ Asyz ðjÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
SsyzsyzðxÞ
q
:
ð23ÞThis completes the derivation of the governing frequency–wavenumber domain equations for soil–structure interaction in
terms of pseudo excitations, so the following section shows how the pseudo responses can be found.
4. The pseudo responses for a random soil–structure interaction system
The state equation (16) is a linear differential equation with constant parameters and so the displacement and stress vec-
tors at ground level satisfyqðj;0;xÞ þ Uðj;xÞpðj; 0;xÞ ¼ nðj;xÞ; ð24Þ
where q ¼ fq1;qT2gT, p ¼ fp1;pT2gT and the matrix U (j,x) and vector n(j,x) are unknowns which can be found as follows.
Combining Eq. (24) with the boundary condition (20) at ground level givesqðj;0;xÞ þ U
Xno
i¼1
Xno
j¼1
expðijxiÞRijq^ðxj; 0;xÞ ¼ nðj;xÞ: ð25ÞFor which the inverse Fourier transform isq^ðxm;0;xÞ þ
Xno
j¼1
Fjðxm;xÞq^ðxj;0;xÞ ¼ n^ðxm;xÞ; ð26ÞwhereFjðxm;xÞ ¼ 12p
Xno
i¼1
Z þ1
1
Uðj;xÞRijðxÞ expðijxiÞ expðijxmÞdj; j ¼ 1;2; . . . ;no;
n^ðxm;xÞ ¼ 12p
Z þ1
1
nðj;xÞ expðijxmÞdj;
ð27ÞThen Eq. (26) can be written in matrix form asIþ F1ðx1;xÞ F2ðx1;xÞ    Fnoðx1;xÞ
F1ðx2;xÞ Iþ F2ðx2;xÞ    Fnoðx2;xÞ
..
. ..
. . .
. ..
.
F1ðxno ;xÞ F2ðxno ;xÞ    Iþ Fnoðxno ;xÞ
266664
377775
q^ðx1;0;xÞ
q^ðx2;0;xÞ
..
.
q^ðxno ;0;xÞ
8>><>>>:
9>>=>>>; ¼
n^ðx1;xÞ
n^ðx2;xÞ
..
.
n^ðxno ;xÞ
8>><>>>:
9>>=>>>;: ð28Þ
Now, the pseudo responses of the ground level nodes can be obtained from Eq. (28), after which the pseudo responses of the
structure can be obtained by using Eq. (14).
PIM is a precise numerical method for solving sets of ﬁrst-order, linear, ordinary differential equations with speciﬁed
two-point boundary value conditions for space domain problems, or with speciﬁed initial value conditions for time domain
problems. It can produce numerical results whose accuracy is only limited by the precision of the computer used. For wave
propagation problems in the frequency–wavenumber domain, PIM is applicable not only to isotropic materials, but also to
anisotropic ones. In this paper, PIM is used to compute U and n, as follows.
Assuming that z0 is z at end a and that zs is z at end b, we have (Gao et al., 2004; Gao et al., 2006a,b)q0 ¼ F1qs  G1p0; ps ¼ Q 1qs þ E1p0: ð29Þ
Then assuming that zþs is z at end a and z

l is z at end b, we haveqþs ¼ F2ql  G2pþs ; pl ¼ Q 2ql þ E2pþs : ð30Þ
The source condition (22) can be written asqþs ¼ qs þ s; pþs ¼ ps þ t: ð31Þ
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the uniform semi-inﬁnite space (Gao et al., 2006b) giveU ¼ G12 þ F12TUDðQ 12TUD  TDDÞ1E12; n ¼ q F12TUDðQ 12TUD  TDDÞ1p: ð32ÞThe details of how to compute the matrices F, G, Q and E are given in the literature (Gao et al., 2004; Gao et al., 2006a,b). The
formulation of PIM is based on the use of ‘‘mixed variables”, which differs from the stiffness formulation. The difference is
best seen from Eq. (29), which gives {qa,pb} in terms of {qb,pa}, whereas the stiffness formulation gives {pa,pb} in terms of
{qa,qb}. If the integration interval is very small, it is well known that such a dynamic stiffness approach may lead to numer-
ical instability. However, by using the mixed variable formulation combined with PIM and the 2N algorithm, very high efﬁ-
ciency and accuracy can be achieved as well as numerical stability (Zhong, 2004b; Gao et al., 2006a,b).
To this point, the matrix U and vector n are known and so the pseudo responses of the ground level nodes can be com-
puted by using Eq. (28), after which the pseudo responses of the structure can be obtained from Eq. (14). Once the pseudo
responses have been obtained, the PSDs of the responses of the structures are given bySyi ¼ yiyHi ; Syo ¼ yoyHo : ð33Þ5. Numerical examples
Usually, when using numerical analysis, the original sources are substituted by the ‘‘equivalent force distribution” which
is conﬁned to a limited region. In this way, it is possible to represent such a source via a singular force distribution (Kennett,
1983). Thus, for the following examples, the source is assumed to be an interface crack of the form~uaðx; t; zþs Þ ¼ ~uaðx; t; zs Þ þ bAðxÞuasðtÞ;
~razðx; t; zþs Þ ¼ ~razðx; t; zs Þ þ bAðxÞrazsðtÞ; ða ¼ x; y; zÞ ð34Þand it is assumed that the attenuation function bAðxÞ, which is shared by all of the excitations in the spatial domain, is a
Gaussian function, i.e.bAðxÞ ¼ exp  x2
4 106
 
; ð35Þin which the factor 4  106 is assumed to describe the decay rate of the source caused by an interface crack with a width of
10 km. The proﬁle of bAðxÞ is shown in Fig. 2, and uasðtÞ and razsðtÞ are stationary processes with known PSDs. In both of the
examples presented, the supported structure is the same, namely the four storey truss (i.e. pin-jointed frame) shown in
Fig. 3, for which all the members are rods with extensional rigidity EA = 109 kN, there is Rayleigh damping such that
C = 0.06K (Bathe and Wilson, 1976), and O on Fig. 3 coincides with O on Fig. 1. The values of massm are given below for each
example. Note that EA andm have been given artiﬁcially high values, so that this truss can be considered to represent a much
larger structure.
Example 1. The soil is a layered half space which consists of four layers, of which the fourth layer is a uniform semi-inﬁnite
space. The viscoelastic parameters for all layers are p0 = 1.0, p1 = 0.05, q0 = 1 and q1 = 0.1 and the remaining parameters are
given in Table 1. The source is at the bottom of the second layer (i.e. s = 2) and has PSDs of Suxux ¼ Suyuy ¼ Suzuz ¼ 1:0 ðm2sÞ
and Srzz rzz ¼ Srxz rxz ¼ Sryz ryz ¼ 0:0.
The random displacement responses of the structure were computed for the three cases m = 6  107, 3  107 and 107 kg
(i.e. 60, 30 and 10 Gg), for which the fundamental natural frequencies of the structure were 3.271, 4.625 and 8.011 s1,
respectively. The responses at nodes 1 and 2 are the ground excitation for the structure and the responses of nodes 9 and
10 were the largest. Also, the horizontal responses of nodes 1 and 2 were similar to each other, as also were the responses
at nodes 9 and 10. Therefore, Fig. 4 shows the displacement PSDs of nodes 1 and 9 in the x direction for each of the three mass
cases.Fig. 2. The attenuation function of the excitations.
Fig. 3. The FEM model of the structure on the ground, with the lumped masses at nodes 3–10 of equal magnitude m.
Table 1
Soil parameters
Layer k (109 N/m2) G (109 N/m2) q (103 kg/m3) Thickness (103 m) vp (103 km/s) vs (103 km/s)
1 3.3 3.5 2.74 2.0 1.94 1.13
2 4.4 4.3 3.00 2.0 2.08 1.20
3 8.0 7.2 3.32 3.0 2.60 1.47
4 8.2 7.0 3.34 Semi-inﬁnite 2.59 1.45
Fig. 4. The displacement PSDs without (solid line) and with (dashed line) soil–structure interaction of nodes 1 (a, c, e) and 9 (b, d, f) in the x direction for
Example 1.
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are the same for all values of m when soil–structure interaction is ignored, whereas the dashed lines show that they differ
Fig. 5. The displacement PSDs without (solid line) and with (dashed line) soil–structure interaction of nodes 1 (a, c, e) and 9 (b, d, f) in the x direction for
Example 1.
462 Q. Gao et al. / International Journal of Solids and Structures 46 (2009) 455–463signiﬁcantly when the interaction is taken into account. Comparison of the three graphs also shows that as the mass of the
structure becomes smaller the percentage difference between the peak with and without soil–structure interaction
decreases.
The results for node 9, see the right-hand three graphs, clearly lead to conclusions similar to those just given for node 1.
However, for Fig. 4(b), the without interaction results have a very high peak due to the fundamental frequency of the struc-
ture, which is 3.271 s1, being in the frequency range of the ground excitation, as can be seen by comparing with Fig. 4(a).
The fundamental frequencies of the structure are 4.625 and 8.011 s1 for Fig. 4(d) and (f), so that they are progressively fur-
ther from the frequency ranges of the ground excitations shown as, respectively, Fig. 4(c) and (e) and so the response without
interaction has progressively less pronounced peaks when moving from Fig. 4(b), (d) and (f), i.e. as m decreases.
Example 2. The structural model is the same as that used in Example 1 except that the mass is alwaysm = 60 Gg, so that the
fundamental frequency of the structure is 3.271 s1. The soil model is identical to that of 1 except that the parameters k and
G given in Table 1 are multiplied by a, with a = 4, 10 or 100.
Fig. 5 gives the horizontal displacement PSDs of nodes 1 and 9 for all three soil cases. Clearly (a), (c) and (e) show that
when k and G increase the peak frequency of the response PSD of node 1 (i.e. the ground excitation PSD applied to the struc-
ture) increases whether or not the soil–structure interaction is accounted for. It can also be seen that when k and G are very
large the response PSDs of node 1 are almost unaltered by neglecting the interaction. The solid curves in Fig. 5(b), (d) and (f)
show that when interaction was neglected, the frequencies at which the horizontal response PSDs take their peak values all
lie near to the fundamental frequency of the structure regardless of whether the soil is soft or stiff, whereas when interaction
was considered the dashed curves show that the peak frequency of the horizontal response PSD of node 9 differs somewhat
from the fundamental frequency of the structure but that this difference becomes very small as the soil stiffness becomes
large. Fig. 5 shows that for soft soil the response PSDs of node 9 are quite different when interaction is neglected but that
this difference is negligible when the soil is very stiff.
6. Conclusions
The PEM has been extended to cover the solution of soil–structure interaction caused by stationary random excitations.
Thus random soil–structure interaction problems have been transformed into deterministic harmonic response ones, to give
governing equations in the frequency–wavenumber domain which are solved accurately by using the precise integration
method. Numerical results show that soil–structure interaction is very signiﬁcant both when the mass of the structure is
large and when the soil is soft. Conversely, when the mass of the structure is very small or the soil is very stiff, soil–structure
interaction can be neglected in order to simplify computation. Although the basic conclusions look quite similar to, or con-
sistent with, those based on a deterministic analysis, the stochastic analysis presented in this paper has its own use, such as
the dynamic reliability computation that is based on the probabilistic property of dynamic responses.
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